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CURVATURE INVARIANT AND GENERALIZED CANONICAL
OPERATOR MODELS - I
RONALD G. DOUGLAS, YUN-SU KIM, HYUN-KYOUNG KWON, AND JAYDEB SARKAR
Abstract. One can view contraction operators given by a canonical model of Sz.-Nagy and
Foias as being defined by a quotient module where the basic building blocks are Hardy spaces.
In this note we generalize this framework to allow the Bergman and weighted Bergman spaces
as building blocks, but restricting attention to the case in which the operator obtained is in
the Cowen-Douglas class and requiring the multiplicity to be one. We view the classification of
such operators in the context of complex geometry and obtain a complete classification up to
unitary equivalence of them in terms of their associated vector bundles and their curvatures.
1. Introduction
One goal of operator theory is to obtain unitary invariants, ideally, in the context of a
concrete model for the operators being studied. For a multiplication operator on a space of
holomorphic functions on the unit disk D, which happens to be contractive, there are two
distinct approaches to models and their associated invariants, one due to Sz.-Nagy and Foias
[12] and the other due to M. Cowen and the first author [4]. The starting point for this
work was an attempt to compare the two sets of invariants and models obtained in these
approaches. We will work at the simplest level of generality for which these questions make
sense. Extensions of these results to more general situations are pursued later in [6].
For the Sz.-Nagy-Foias canonical model theory, the Hardy space H2 = H2(D), of holomor-
phic functions on the unit disk D is central if one allows the functions to take values in some
separable Hilbert space E . In this case, we will now denote the space by H2 ⊗ E . One can
view the canonical model Hilbert space (in the case of a C·0 contraction T ) as given by the
quotient of H2⊗E∗, for some Hilbert space E∗, by the range of a map MΘ defined to be mul-
tiplication by a contractive holomorphic function, Θ(z) ∈ L(E , E∗), from H
2 ⊗ E to H2 ⊗ E∗.
If one assumes that the multiplication operator associated with Θ(z) defines an isometry (or
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is inner) and Θ(z) is purely contractive, that is, ‖Θ(0)η‖ < ‖η‖ for all η( 6= 0) in E , then Θ(z)
is the characteristic operator function for the operator T . Hence, Θ(z) provides a complete
unitary invariant for the compression of multiplication by z to the quotient Hilbert space of
H2 ⊗ E∗ by the range of Θ(z). In general, neither the operator T nor its adjoint T
∗ is in the
Bn(D) class of [4] but we are interested in the case in which the adjoint T
∗ is in Bn(D) and
we study the relation between its complex geometric invariants (see [4]) and Θ(z).
We use the language of Hilbert modules [9] which we believe to be natural in this context.
The Cowen-Douglas theory can also be recast in the language of Hilbert modules [3]. With
this approach, the problem of the unitary equivalence of operators becomes identical to that
of the isomorphism of the corresponding Hilbert modules.
Furthermore, we consider “models” obtained as quotient Hilbert modules in which the
Hardy module is replaced by other Hilbert modules of holomorphic functions on D such as
the Bergman module A2 = A2(D) or the weighted Bergman modules A2α = A
2
α(D) with weight
parameter α > −1. We require in these cases that some analogue of the corona condition
holds for the multiplier Θ(z).
As previously mentioned, we concentrate on a particularly simple case of the problem. We
focus on the case of Θ ∈ H∞L(C,C2), where H
∞
L(C,C2) = H
∞
L(C,C2)(D) is the space of bounded,
holomorphic L(C,C2)-valued functions on D, so that Θ(z) = θ1(z) ⊗ e1 + θ2(z) ⊗ e2 for an
orthonormal basis {e1, e2} for C
2 and θi(z) ∈ L(C), i = 1, 2, and z ∈ D. We shall adopt the
notation Θ = {θ1, θ2}. Recall that Θ is said to satisfy the corona condition if there exists an
ǫ > 0 such that
|θ1(z)|
2 + |θ2(z)|
2 ≥ ǫ,
for all z ∈ D. Moreover, we will use the notation HΘ to denote the quotient Hilbert module
(H⊗ C2)/ΘH, where H is the Hardy, the Bergman, or a weighted Bergman module.
Now we state the main results in this note which we will prove in Section 4. Let Θ =
{θ1, θ2} and Φ = {ϕ1, ϕ2} both satisfy the corona condition and denote by ▽
2 the Laplacian
▽2 = 4∂∂¯ = 4∂¯∂.
Theorem 4.4. The quotient Hilbert modules HΘ and HΦ are isomorphic if and only if
▽2log
|θ1(z)|
2 + |θ2(z)|
2
|ϕ1(z)|2 + |ϕ2(z)|2
= 0,
for all z ∈ D, where H is the Hardy module H2, the Bergman module A2, or a weighted
Bergman module A2α.
Theorem 4.5. The quotient Hilbert modules (A2α)Θ and (A
2
β)Φ are isomorphic if and only if
α = β and
▽2log
|θ1(z)|
2 + |θ2(z)|
2
|ϕ1(z)|2 + |ϕ2(z)|2
= 0,
for all z ∈ D.
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Theorem 4.7. Under no circumstances can (H2)Θ be isomorphic to (A
2
α)Φ.
2. Hilbert Modules
In the present section and the next, we take care of some preliminaries. We begin with the
following definition.
Definition 2.1. Let T be a linear operator on a Hilbert space H. We say that H is a
contractive Hilbert module over C[z] relative to T if the module action from C[z] × H to H
given by
p · f 7→ p(T )f,
for p ∈ C[z] defines bounded operators such that
‖p · f‖H = ‖p(T )f‖H ≤ ‖p‖∞‖f‖H,
for all f ∈ H, where ‖p‖∞ is the supremum norm of p on D.
The module multiplication by the coordinate function will be denoted by Mz , that is,
Mzf = z · f = Tf,
for all f ∈ H.
Definition 2.2. Given two Hilbert modules H and H˜ over C[z], we say that X : H → H˜ is
a module map if it is a bounded, linear map satisfying X(p · f) = p · (Xf) for all p ∈ C[z] and
f ∈ H. Two Hilbert modules are said to be isomorphic if there exists a unitary module map
between them.
Since one can extend the module action of a contractive Hilbert module H over C[z] from
C[z] to the disk algebra A(D) using the von Neumann inequality, a contraction operator gives
rise to a contractive Hilbert module over A(D). Recall that A(D) denotes the disk algebra,
the algebra of holomorphic functions on D that are continuous on the closure of D. Thus, the
unitary equivalence of contraction operators is the same as the isomorphism of the associated
contractive Hilbert modules over A(D).
Next, let us recall that the Hardy space H2 consists of the holomorphic functions f on D
such that
‖f‖22 = sup
0<r<1
1
2π
∫ 2pi
0
|f(reiθ)|2dθ <∞.
Similarly, the weighted Bergman spaces A2α, −1 < α < ∞, consist of the holomorphic func-
tions f on D for which
‖f‖22,α =
1
π
∫
D
|f(z)|2dAα(z) <∞,
where dAα(z) = (α + 1)(1 − |z|
2)αdA(z) and dA(z) denote the weighted area measure and
the area measure on D, respectively. Note that α = 0 gives the (unweighted) Bergman space
A2. We mention [14] for a comprehensive treatment of the theory of Bergman spaces. The
Hardy space, the Bergman space and the weighted Bergman spaces are contractive modules
under the multiplication by the coordinate function.
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The Hardy, the Bergman, and the weighted Bergman modules serve as examples of con-
tractive reproducing kernel Hilbert modules. A reproducing kernel Hilbert module is a Hilbert
module with a function called a positive definite kernel whose definition we now review.
Definition 2.3. We say that a function K : D×D→ L(E) for a Hilbert space E , is a positive
definite kernel if 〈
∑p
i,j=1K(zi, zj)ηi, ηj〉 ≥ 0 for all zi ∈ D, ηi ∈ E , and p ∈ N.
Given a positive definite kernel K, we can construct a Hilbert space HK of E-valued func-
tions defined to be
∨z∈D ∨η∈E K(·, z)η,
with inner product
〈K(·, w)η, K(·, z)ζ〉HK = 〈K(z, w)η, ζ〉E,
for all z, w ∈ D and η, ζ ∈ E . The evaluation of f ∈ HK at a point z ∈ D is given by the
reproducing property so that
〈f(z), η〉E = 〈f,K(·, z)η〉HK ,
for all f ∈ HK , z ∈ D and η ∈ E . In particular, the evaluation operator evz : HK → E ,
evz(f) := f(z) is bounded for all z ∈ D.
Conversely, given a Hilbert space H of holomorphic E-valued functions on D with bounded
evaluation operator evz ∈ L(H, E) for each z ∈ D, we can construct a reproducing kernel
evz ◦ ev
∗
w : D× D→ L(E),
for all z, w ∈ D. To ensure that evz ◦ ev
∗
w is injective, we must assume for every z ∈ D that
{f(z) : f ∈ H} = E .
A reproducing kernel Hilbert module is said to be a contractive reproducing kernel Hilbert
module over A(D) if the operator Mz is contractive.
The kernel function for H2 is K(z, w) = (1− w¯z)−1. For A2α, it is
K(z, w) = (1− w¯z)−2−α =
∞∑
k=0
Γ(k + 2 + α)
k!Γ(2 + α)
(w¯z)k,
where Γ is the gamma function.
It is well known that the multiplier algebra of H is H∞, that is, MϕH ⊆ H, for Mϕ the
operator of multiplication by ϕ ∈ H∞, where H∞ = H∞(D) is the algebra of bounded,
analytic functions on D and H is H2, A2 or A2α. Moreover, for all w ∈ D and ϕ ∈ H
∞,
M∗ϕK(·, w) = ϕ(w)K(·, w).
3. The class Bn(D)
In [4], M. Cowen and the first author introduced a class of operators Bn(D), which includes
M∗z for the operatorMz defined on contractive reproducing kernel Hilbert modules of interest
in this note. We now recall the notion of Bn(D). Let H be a Hilbert space and n a positive
integer.
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Definition 3.1. An operator T ∈ L(H) is in the class Bn(D) if
(i) dim ker (T − w) = n for all w ∈ D,
(ii) ∨w∈Dker (T − w) = H, and
(iii) ran (T − w) = H for all w ∈ D.
Remark 3.2. Since it follows from (iii) that T − w is semi-Fredholm for all w ∈ D, (iii)
actually implies (i) if we assume that dim ker(T − w) <∞ for some w ∈ D.
It is a result of Shubin [11] that for T ∈ Bn(D), there exists a hermitian holomorphic rank
n vector bundle ET over D defined as the pull-back of the holomorphic map w 7→ ker (T −w)
from D to the Grassmannian Gr(n,H) of the n-dimensional subspaces of H. As mentioned
earlier in the Introduction, in this note we consider contraction operators T such that T ∗ ∈
Bn(D). In other words, we investigate contractive Hilbert modules H with M
∗
z ∈ Bn(D). For
simplicity of notation, we will write H ∈ Bn(D). Thus, we have an anti-holomorphic map
w 7→ ker (Mz − w)
∗ instead of a holomorphic one and therefore obtain a frame {ψi}
n
i=1 of
anti-holomorphic H-valued functions on D such that
∨ni=1ψi(w) = ker (Mz − w)
∗ ⊆ H,
for every w ∈ D. We will use the notation E∗H for this anti-holomorphic vector bundle since
it is the dual of the natural hermitian holomorphic vector bundle EH defined by localization.
One can show for an operator belonging to a “weaker” class than Bn(D) that there still
exists an anti-holomorphic frame. Since having such a frame is sufficient for many purposes,
one can consider operators in this “weaker” class, which will be introduced after the following
proposition:
Proposition 3.3. Let T ∈ L(H) and T˜ ∈ L(H˜). Suppose that there exist anti-holomorphic
functions {ψi}
n
i=1 and {ψ˜i}
n
i=1 from D to H and H˜, respectively, satisfying
(1) Tψi(w) = w¯ψi(w) and T˜ ψ˜i(w) = w¯ψ˜i(w), for all 1 ≤ i ≤ n, w ∈ D, and
(2) ∨w∈D ∨
n
i=1 ψi(w) = H and ∨w∈D ∨
n
i=1 ψ˜i(w) = H˜.
Then there is an anti-holomorphic partial isometry-valued function V (w) : H → H˜ such that
kerV (w) = [∨ni=1ψi(w)]
⊥ and ranV (w) = ∨ni=1ψ˜i(w) if and only if there exists a unitary
operator V : H → H˜ such that (V ψi)(w) = V (w)ψi(w) for every 1 ≤ i ≤ n and w ∈ D.
Proof. We refer the reader to the proof of the rigidity theorem in [4], where the language of
bundles is used.
It was pointed out by N. K. Nikolski to the first author that the basic calculation used to
prove the rigidity theorem [4] appeared earlier in [10].
Definition 3.4. Suppose T ∈ L(H) is such that dim ker (T −w) > n for all w ∈ D. We say
that T is in the class Bwn (D) or weak-Bn(D) if there exist anti-holomorphic functions {ψi}
n
i=1
from D to H such that
(i) {ψi(w)}
n
i=1 is linearly independent for all w ∈ D,
(ii) ∨ni=1ψi(w) ⊆ ker (T − w) for all w ∈ D, and
(iii) ∨w∈D ∨
n
i=1 ψi(w) = H.
Remark 3.5. The class Bwn (D) is closely related to the one considered by Uchiyama in [13].
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Since the {ψi}
n
i=1 in Definition 3.4 frame a rank n hermitian anti-holomorphic bundle, it
suffices for our purpose to consider contractive Hilbert modules H with M∗z ∈ B
w
n (D) instead
of those with M∗z ∈ Bn(D). We will write H ∈ B
w
n (D) to represent this case.
We continue this section with a brief discussion of some complex geometric notions. Since
the anti-holomorphic vector bundle E∗H also has hermitian structure, one can define the canon-
ical Chern connection DE∗
H
on E∗H along with its associated curvature two-form KE∗H. For the
case n = 1, E∗H is a line bundle and
(3.1) KE∗
H
(z) = −
1
4
▽2 log ‖γz‖
2 dz ∧ dz¯,
for z ∈ D, where γz is an anti-holomorphic cross section of the bundle. For instance, by taking
γz to be the kernel functions for H
2 and A2α, we see that
KE∗
H2
(z) = −
1
(1− |z|2)2
,
and
KE∗
A2α
(z) = −
2 + α
(1− |z|2)2
.
In [4], M. Cowen and the first author proved that the curvature is a complete unitary
invariant, that is, two Hilbert modules H and H˜ in B1(D) are isomorphic if and only if for
every z ∈ D,
KE∗
H
(z) = KE∗
H˜
(z).
Now that we have Proposition 3.3 available, the result can be extended to Hilbert modules
in Bw1 (D). Note that two weighted Bergman modules cannot be isomorphic to each another,
that is, A2α is isomorphic to A
2
β if and only if α = β. We also conclude that the Hardy module
H2 cannot be isomorphic to the weighted Bergman modules A2α.
4. Proof of the main results
Let Θ = {θ1, θ2} ∈ H
∞
L(C,C2) satisfy the corona condition. Now denote by HΘ the quotient
Hilbert module (H ⊗ C2)/ΘH, where H is H2, A2, or A2α. This means that we have the
following short exact sequence
0 −→ H⊗ C
MΘ−→ H⊗ C2
piΘ−→ HΘ −→ 0,
where the first map MΘ is MΘf = θ1f ⊗ e1+ θ2f ⊗ e2 and the second map πΘ is the quotient
Hilbert module map. The fact that Θ satisfies the corona condition implies that ran MΘ
is closed. We denote the module multiplication PHΘ(Mz ⊗ IC2)|HΘ of the quotient Hilbert
module HΘ by Nz. We will see later that HΘ ∈ B1(D), but for the time being, we first show
that HΘ ∈ B
w
1 (D).
Theorem 4.1. For Θ = {θ1, θ2} satisfying the corona condition, HΘ ∈ B
w
1 (D).
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Proof. We first prove that dim ker (Nz−w)
∗ = 1 for all w ∈ D. To this end, let Iw := {p(z) ∈
C[z] : p(w) = 0}, a maximal ideal in C[z]. One considers the localization of the sequence
0→ H⊗ C
MΘ→ H⊗ C2
piΘ→ HΘ → 0,
to w ∈ D to obtain
H/Iw · H −→ (H⊗ C
2)/Iw · (H⊗ C
2) −→ HΘ/Iw · HΘ −→ 0,
or equivalently,
Cw ⊗ C
ICw⊗Θ(w)−→ Cw ⊗ C
2 piΘ(w)−→ HΘ/Iw · HΘ −→ 0.
Since this sequence is exact and dim ran Θ(w) = 1 for all w ∈ D, we have dim ker πΘ(w) = 1
(see [9]). Thus, dimHΘ/Iw · HΘ = 1, and so dim ker (Nz − w)
∗ = 1 for all w ∈ D.
Now denote by kw a kernel function k(·, w) for H, and by {e1, e2} an orthonormal basis for
C2. We prove that
γw := kw ⊗ (θ2(w)e1 − θ1(w)e2)
is a non-vanishing anti-holomorphic function from D to H⊗ C2 such that
(1) γw ∈ ker (Nz − w)
∗ for all w ∈ D, and
(2) ∨w∈Dγw = HΘ.
Since the θi are holomorphic and kw is anti-holomorphic, the fact that w 7→ γw is anti-
holomorphic follows. Furthermore, since Θ satisfies the corona condition, the θi have no
common zero and hence γw 6= 0 for all w ∈ D. Now, for f ∈ H, MΘf = θ1f ⊗ e1 + θ2f ⊗ e2
and therefore for all w ∈ D,
〈MΘf, γw〉 = 〈θ1f, kw〉〈e1, θ2(w)e1〉 − 〈θ2f, kw〉〈e2, θ1(w)e2〉
= θ1(w)f(w)θ2(w)− θ2(w)f(w)θ1(w) = 0.
Hence, γw ∈ (ranMΘ)
⊥ = HΘ. Moreover, since M
∗
z kw = w¯kw for all w ∈ D,
N∗z γw = (Mz ⊗ IC2)
∗γw = M
∗
z (θ2(w)kw)⊗ e1 −M
∗
z (θ1(w)kw)⊗ e2
= θ2(w)w¯kw ⊗ e1 − θ1(w)w¯kw ⊗ e2
= w¯γw.
Next, in order to show that (2) holds, it suffices to prove that for h = h1 ⊗ e1 + h2 ⊗ e2 ∈
H ⊗ C2 such that h ⊥ ∨w∈Dγw, we have h ∈ ran MΘ. We first claim that there exists a
function η defined on D such that for all w ∈ D and i = 1, 2,
hi(w) = θi(w)η(w).
Since h ⊥ γw for every w ∈ D, we have
〈h, γw〉 = 〈h1, kw〉〈e1, θ2(w)e1〉 − 〈h2, kw〉〈e2, θ1(w)e2〉
= h1(w)θ2(w)− h2(w)θ1(w) = 0,
or equivalently,
(4.1) det
[
h1(w) θ1(w)
h2(w) θ2(w)
]
= 0,
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for all w ∈ D. Thus using the fact that rank
[
θ1(w)
θ2(w)
]
= 1 for all w ∈ D, we obtain a unique
nonzero function η(w) satisfying hi(w) = θi(w)η(w) for i = 1, 2.
The proof is completed once we show that η ∈ H. Note that by the corona theorem,
we get ψ1, ψ2 ∈ H
∞ such that ψ1(w)θ1(w) + ψ2(w)θ2(w) = 1 for every w ∈ D. Since η =
(ψ1θ1 + ψ2θ2)η = ψ1h1 + ψ2h2, and H
∞ is the multiplier algebra for H, the result follows.
Remark 4.2. Observe that the above proof shows that the hermitian anti-holomorphic line
bundle corresponding to the quotient Hilbert moduleHΘ is the twisted vector bundle obtained
as the bundle tensor product of the hermitian anti-holomorphic line bundle forH with the anti-
holomorphic dual of the line bundle
∐
w∈DC
2/Θ(w)C. This phenomenon holds in general;
suppose that for Hilbert spaces E and E∗, Θ ∈ H
∞
L(E,E∗)
and MΘ has closed range. If the
quotient Hilbert module HΘ,
0→ H⊗ E
MΘ→ H⊗ E∗ → HΘ → 0,
is in Bn(D), then the rank n hermitian anti-holomorphic vector bundle E
∗
HΘ
forHΘ is the bun-
dle tensor product of E∗H with the anti-holomorphic dual of the rank n bundle
∐
w∈D E∗/Θ(w)E
(see [6]).
In order to have HΘ ∈ B1(D), it now remains to check only one condition. We do this in
the following Proposition.
Proposition 4.3. ran (Nz − w)
∗ = HΘ for all w ∈ D.
Proof. We write
Mz ⊗ IC2 ∽
[
∗ ∗
0 Nz
]
relative to the decomposition H ⊗ C2 = ran MΘ ⊕ (ranMΘ)
⊥. It suffices to note that H ∈
B1(D) implies that ran (Mz − w)
∗ = H.
Let us now consider the curvature KE∗
HΘ
. By (3.1), one needs only to compute the norm
of the section
γw = kw ⊗ (θ2(w)e1 − θ1(w)e2)
given in Theorem 4.1. Since
‖γw‖
2 = ‖kw‖
2(|θ1(w)|
2 + |θ2(w)|
2),
we get the identity
(4.2) KE∗
HΘ
(w) = KE∗
H
(w)−
1
4
▽2 log (|θ1(w)|
2 + |θ2(w)|
2),
for all w ∈ D.
We are now ready to prove Theorem 4.4. For the sake of convenience, we restate it here.
Theorem 4.4. Let Θ = {θ1, θ2} and Φ = {ϕ1, ϕ2} satisfy the corona condition. The quotient
Hilbert modules HΘ and HΦ are isomorphic if and only if
▽2log
|θ1(z)|
2 + |θ2(z)|
2
|ϕ1(z)|2 + |ϕ2(z)|2
= 0,
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for all z ∈ D, where H is the Hardy, the Bergman, or a weighted Bergman module.
Proof. Since HΘ,HΦ ∈ B
w
1 (D), (we have seen that they actually belong to B1(D)), they are
isomorphic if and only if KE∗
HΘ
(w) = KE∗
HΦ
(w) for all w ∈ D. But note that (4.2) and an
analogous identity for Φ hold, where the θi are replaced with the ϕi. Since both Θ and Φ
satisfy the corona condition, the result then follows.
We once again state Theorem 4.5.
Theorem 4.5. Suppose that Θ = {θ1, θ2} and Φ = {ϕ1, ϕ2} satisfy the corona condition. The
quotient Hilbert modules (A2α)Θ and (A
2
β)Φ are isomorphic if and only if α = β and
(4.3) ▽2 log
|θ1(z)|
2 + |θ2(z)|
2
|ϕ1(z)|2 + |ϕ2(z)|2
= 0,
for all z ∈ D.
Proof. Since we have by (4.2),
KE∗
(A2α)Θ
(w) = −
2 + α
(1 − |w|2)2
−
1
4
▽2 log (|θ1(w)|
2 + |θ2(w)|
2),
and
KE∗
(A2
β
)Φ
(w) = −
2 + β
(1− |w|2)2
−
1
4
▽2 log (|ϕ1(w)|
2 + |ϕ2(w)|
2),
one implication is obvious. For the other one, suppose that (A2α)Θ is isomorphic to (A
2
β)Φ so
that the curvatures coincide. Observe next that
4(β − α)
(1− |w|2)2
= ▽2log
|θ1(w)|
2 + |θ2(w)|
2
|ϕ1(w)|2 + |ϕ2(w)|2
.
Since a function f with ▽2f(z) = 1
(1−|z|2)2
for all z ∈ D is necessarily unbounded, we have
a contradiction unless α = β (see Lemma 4.6 below) and (4.3) holds. This is due to the
assumption that the bounded functions Θ and Φ satisfy the corona condition.
Lemma 4.6. There is no bounded function f defined on the unit disk D that satisfies ▽2f(z) =
1
(1−|z|2)2
for all z ∈ D.
Proof. Suppose that such f exists. Since 1
4
▽2 [(|z|2)m] = ∂∂¯[(|z|2)m] = m2(|z|2)m−1 for all
m ∈ N, we see that for
g(z) :=
1
4
∞∑
m=1
|z|2m
m
= −
1
4
log (1− |z|2),
▽2g(z) = 1
(1−|z|2)2
for all z ∈ D. Consequently, f(z) = g(z) + h(z) for some harmonic
function h. Since the assumption is that f is bounded, there exists an M > 0 such that
|g(z) + h(z)| ≤M for all z ∈ D. It follows that
exp (h(z)) ≤ exp (−g(z) +M) = (1− |z|2)
1
4 exp (M),
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and letting z = reiθ, we have exp (h(reiθ)) ≤ (1 − r2)
1
4 exp (M). Thus exp (h(reiθ)) → 0
uniformly as r → 1−, and hence exp h(z) ≡ 0. This is due to the maximum modulus principle
because exp h(z) = | exp(h(z)+ ih˜(z))|, where h˜ is a harmonic conjugate for h. We then have
a contradiction, and the proof is complete.
We thank E. Straube for providing us with a key idea used in the proof of Lemma 4.6.
Theorem 4.7. For Θ = {θ1, θ2} and Φ = {ϕ1, ϕ2} satisfying the corona condition, (H
2)Θ
cannot be isomorphic to (A2α)Φ.
Proof. By identity (4.2), we conclude that (H2)Θ is isomorphic to (A
2
α)Φ if and only if
4(1 + α)
(1− |w|2)2
= ▽2log
|ϕ1(w)|
2 + |ϕ2(w)|
2
|θ1(w)|2 + |θ2(w)|2
.
But according to Lemma 4.6, this is impossible unless α = −1.
5. Concluding remark
Although the case of quotient modules we have been studying in this note may seem rather
elementary, the class of examples obtained is not without interest. The ability to control the
data in the construction, that is, the multiplier, provides one with the possibility of obtaining
examples of Hilbert modules over C[z] and hence operators with precise and refined properties.
In [1] and [2] the authors utilized this framework to exhibit operators with properties that
responded to questions raised in the papers.
In particular, in [2] the authors are interested in characterizing contraction operators that
are quasi-similar to the unilateral shift of multiplicity one. In the earlier part of the paper,
which explores a new class of operators, a plausible conjecture presents itself but examples
defined in the framework of this note, introduced in Corollary 7.9, show that it is false.
In [1], the authors study canonical models for bi-shifts; that is, for commuting pairs of
pure isometries. A question arises concerning the possible structure of such pairs and again,
examples built using the framework of this note answer the question.
Finally in [8], the authors determine when a contractive Hilbert module in B1(D) can be
represented as a quotient Hilbert module of the formHΘ, where H is the Hardy, the Bergman,
or a weighted Bergman module. For the case of the Hardy module, the result is contained in
the model theory of Sz.-Nagy and Foias [12].
One can consider a much larger class of quotient Hilbert modules replacing the Hardy,
the Bergman and the weighted Bergman modules by a quasi-free Hilbert module [7] of rank
one. In that situation, one can raise several questions relating curvature invariant, similarity
and the multiplier corresponding to the given quotient Hilbert modules. These issues will be
discussed in the forthcoming paper [6].
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